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Solutionsfor AH maths 2009
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Method 1
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Note: a candidate may

Method 2

X2
Mathod 3 V + X

1 o 1\dy dy
2x= =21 =2
X ( yz) SRR
dy dy dy 1
- — 0 1 = 2 2 _ _=
° 9dx " dx = dx 2
Note: a candidate may obtain § = 2y>§y++x>f (in 2 and 3) and then

substitute.

(x + 1)(x = 2)°
X -2%+3(x+ 1(x - 27
x - 2°((x = 2) + 3(x + 1))
(x — 2y (4x + 1)

0 when x = 2 and when x = —%.

dy . _ _,dy .dy
+3dx 1= 2dx 5dx

dy dy -1

5=-10~ = —=

dx dx 2

sody 0 2X+y
obtain i = x—x7s
X2

— +X=yY-5
y

2y - X XS +1 = dy
y? dx
-6 - 9F dy
1 dx

dy
-6 -9—+1=—
der dx

—y-5= %

and then substitute.
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(@) det 5(t + 4) — ot

20 — 4t

-1 1 5 -3t
A= 20—4t(—3t+4)

(b) 20-4t=0=1t=5

(©)

t+43 6 3
3t 5)_( ):”‘2

dy
ey><2d—x_1

dy
ax X

J'eydy = fx‘zdx
@ = x'+c

y = Owhenx = 1s0
l=-1+c=c=2

ey=2—1:>y=ln(2—£)
X X

1 1 1 1
Wh = 1,LHS = = 2 RHS=1- = = Z. Sotruewh
enn , S 1% 2 > S > 2Soruewen
n =1
K 1 1
Assume true forn = Kk, — =1 -
rr+ 1) k+1
Considern = k + 1
ki/l#_ k l . l
“rr+1) Arr+1) (k+ Dk+ 2
PR T 1
B k+1 (k+ 1K+ 2
. k+2-1 _q1- k +1
B k+ 1Kk +2) (k+1)((k +1) + 1)
I S
(k +1) + 1)

Thus, if true for n = Kk, statement is true forn = k + 1, and, since true for
n =1 trueforalln > 1.
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Method 1

dx

n2 e+ e~

J.m%ex_e—x
Letu = & — e thendu = (& + e¥)dx
Whenx = In3,u = 3 - 2 = Zandwhenx = In2,u =2 - % =

[

ng et - e 566 U
= [Inug
3 5 9
=Inz -In< = In=
2 6 5
Method 2
n2 gk 4 @x ) e
J‘In% ex — e—xdx = [ln(e - e )]In%

-2 -m2-

3 5 9
=In--In=- =1In=
2 6 5

(l+2|)2 1+ 4i — 4

7—| 7_|
-3 +4i 7+
= — X :
[ 7+
(B3 +4)T +1)
B 50
1 1
243
2 2
1 1 1
=7t 5 =35V2
[ Tt
~ a2 = (1) = 3 (or 135)
arQZ—an__%_an _ —Tor
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X =2snfd = dx = 2 cosodo

) 1
x=0:>6=0;x=\/§:>5|n0=\/—§:>0=%
V2% a4 4 sin%@
———dXx = ———————(2 cosh) do
-[o V4 - X2 J‘o N 4sin2¢9( )
14 4 sin% 6
= 2 cos@) do
J: 2cose( )
14
=2 (2 sin*6)do
14
= Zf: (1 - cos26)de
1 ) ]n/4
= 2[0 -3 sin 26 A
i1 1
339
4 2
L]
2
(a) (1 +x° =1+5x+ 10X + 10¢ + 5¢ + X
(b) Letx = —0-1, then
0:9° = (1 + (-0-1)°

1-05+01-001+ 00005 - 0-00001
05 + 0-:09 + 0-00049
0-59049

:tan‘lx2 f xdxlt - f P dex

01 + x4 2

1
f X tan™1 %2 dx
0

_ [Le tan? ]1_ %
—_2x2tan xz0 fol+x4dx

1 | !
= | =% tan‘lxz] - [— In(1 + x"’)}
0 4 0

“tant1 -0 - [1 In2 — 1 |n1}
4 4
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10.

11.

12.

14654 = 11 x 1326 + 68 1
1326 = 19 x 68 + 34

68 = 2 x 34 1
34 = 1326 - 19 x 68 1
= 1326 — 19(14654 - 11 x 1326)
= 210 x 1326 — 19 x 14654 1
Whenx = 1,y = 1. 1
y = X2x2+1
= Iny = In(x***Y) 1
= (2¢ + 1) Inx
2
1%:2)( +1+4x|nx 11
y dx X
Hence, whenx = 1,y = land
dy =3+0=23 1
dx
aj=ﬂ=>S<=p+p2+ +pk_p(pk_1)
p-1
p(p" - 1)
= 1
S o1
o _ PE" -1 .
n p_ 1
p(p" - 1) _ 65p(p" - 1)
p-1 p-1
(" + 1)(p" - 1) = 65(p" - 1) 1
p'+1 = 65 1
= p'" = 64

&% =p = a=pbuta = 2psop = 2p
= p =2 = p=+2since p > 0. 1

P =64 = 2° = (V2)
n=12 1
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13. X+ 2X X% + 2X

f(x) = =
e e [T
Hence there are vertical asymptotesatx = -land x = 1.
F oo = Xr2x 1+F 142
X2 -1 1-3 1-3
— lasx — oo,
Soy = 1isa horizontal asymptote.
X2 + 2X
f(x) =
(X) 21
2 _ 2
(0 = 2x + 2)(x* = 1) 2(x + 2X) 2X
(x* - 1)
X -22xX+ 22X -2 -2 -4 2(¢% + x+ 1)
B (@ — 1) T
) 1y2 . 3
_ ((X+2)2+4)<0
(x* - 1)
Hence f (X) is a strictly decreasing function.
2
f(x)=x +2X=0:>x=00rx=—2
X -1
2
f(X)=X2+21X=1:>x2+2x=x2—1:>x=—%

1for shape
1 for position

Alternatively for the horizontal asymptote:

1
X2 —1]x + 2x 2x +1
= fxX) =1+
X2 -1 (%) x2 -1

2x + 1

— las X > o




14.

X +6x—-4 A N B N C
X+ 22(x-4) (xX+22 x+2 x-4

X+ 6X—4=AX=-4) +BX+2)(X-4) +C(x+ 2)°
Letx = —2then4 - 12 - 4 = -6A = A = 2.
Letx = 4then16 + 24 — 4 = 36C = C = 1.
Let x = 0then
-4 = -4A-8B+4C = -4 =-8-8B+4 = B =0.
Thus

X +6x-4 2 . 1
X+ 22(x —4)  (x+2? x-4

Letf(x) = 2(X + 2)2 + (x — 4)Lthen

foo =2x+27% + (x - & = fO=3%-1=1%
= 4x+2°-x-4? = {0 =-}-%-=
f”(X) = 12(X + 2)_4 + 2()( — 4)_3 = f”(O) _ %_ % _ %

Thus
X + 6x — 4 9 23%°

_ 1 2
X+ 22(x - 4) 4 16 64
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15. (@) x+ )Y gy - x4 1

dx
dy 3 3
— - = 1 1
dx X + ly x+ 1
Integrating factor:
sinceJ'X_Jr Tdx = “3In(x + 1). 1
Hence the integrating factor is (x + 1)™. 1
1 dy 3
— - =1 1
(X + 1)%dx  (x + 1)4y
— )%y =1
5 (o + D7)
y
= [1dx 1
(x + 1) f
=X+C
y = 16whenx = 1,502 = 1+ ¢c = ¢ = 1. Hence
y =X+ l)4 1
(b) x+1'=@a-x
X+1=1-x=>x=20 1
orx + 1 = =1 + x which has no solutions.
y=Ff00 y=(1-x%"
0 4 ! 4
Area=j(x+1)dx+j(1—x)dx M1
-1 0
0
- 2j x + 1) dx 1
-1

2 2
Sloce 0T - £-0-
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16.

(@)

(b)

(©)

X+y-2=256
2X — 3y + 22 =2
-SX +2y -4z =1
1 1 -1 |6 1 1 -1 6 1 1 -1
2 -3 2 2 >0 -5 4 -10 = 0 -5 4
5 2 -4 /1 o0 7 -9 |3 0 0 ¥
2= 17+ (2 = 5
5
-5y -20 = -10 =y = -2
X-2+5=6=>x=3
Letx = A
Method 1

Infirst plane:x + y — z = 6.
A+ (42 - 14) — (54 - 20) =51 -51 +6 = 6.
In the second plane:
2X—3y+22=21-3(41-14)+2(B5A-20)=51-51+2 = 2.
Method 2
y-z=6-A=>y=6+z-1
-3y+2z2=2-21
(<18 =32+ 3) +2z2=2-2]
-z=20-51=2z=5-20

andy = 41 - 14
Method 2

X +y — z = 6 D
2X — 3y + 2z = 2 (2)
5X -z = 20 (2) + 3(1)
4 -y = 14 2 + 2(1)

y = 4x - 14

z = 5x-20

X=Ay=41-14,z = 50 - 20

Direction of Lisi + 4j + 5k, direction of normal to the plane is
=51 + 2] — 4k. Letting 6 be the angle between these then
-5+8-20
Va2\45
=
3v210
This gives a value of 113.0° which leads to the angle
113.0° — 90° = 23.0°.

cosf =

-10
17
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